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a b s t r a c t
We analyze in a simple calculation the way 2-dimensional moduli induce a noise-like
mixing between the right and left sectors of the 1-loop partition function of bosonic closed
strings. As it is a direct consequence of string interactions, we argue it must be taken as a
renormalization to the tree-level dynamics as far as theWilsonian view on renormalization
group is kept. We also highlight the way this noise effect brings a thermodynamical
meaning to space-filling D-branes.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
It is fair to say the Wilsonian view on the renormalization group (RG) [1] constitutes one of the biggest achievements
physicists have gotten in the last quarter of the 20th century.
Besides the fact that it has provided a consistent physical interpretation of the undesired divergences present in the
old renormalization procedures through a downgrading of quantum field theories to merely the dominant dynamics in a
specific point of the energy scale, it has also put in evidence conformal transformations as a device that connects the physics
of different points in such a scale.
As a result, conformal symmetry appears in a special position when compared to the other symmetries, that is to say,
its presence signals a standing still situation of the whole dynamics under the conformal transformations and not just an
equivalence between some of the degrees of freedom.
In four dimensions a particular property simplifies the checking of conformal invariance: it holds whenever dilatations
holds. In QCD, this fact, when added to the asymptotic freedom as well as to the running of masses to zero in high momenta
signals that in fact one might expect conformal symmetry to be a very important piece of the extremal high energy physics.
The investigation of how conformal symmetry enters into the game in high energy physics is much enriched in string
theory since, as is well known, a conformal group in 2 dimensions has infinite generators. In spite of its beauty, the full
stringy physics would then be insensitive to any scale and therefore leaves unanswered the important question of how
string theory is connected with the low-energy quantum field theories.
In this direction, an important observation is the fact that the hypothesis of a physical cut-off, present in the Wilsonian
RG, actually hides the assumption of our lack of information aboutwhat is going on at themoremicroscopic layers of nature,
i.e., one is actually facing an information/statistical/thermal problem [2].
In the context of thermal physics, one may say that temperature and renormalization are tied together, since through
the second law of thermodynamics
1E = T1S, (1)
a change in the energy level’s amplitudes (i.e., a change in the norm of states) corresponds to a change in the average energy
which induces a change in entropy times the temperature. From an information theory perspective such a connection may
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also be seen in the presence of an unknown sector of degrees of freedom (thermal reservoir). Both points of view suggest
that a thermal system shall share features with a set of renormalized degrees of freedom.
Back to the context of string theory, as strings has been seen as the most promising candidate for a microscopic
description of gravity, it is the author’s belief that pursuing a deep investigation about the thermodynamical meaning
of conformal transformations in string theory might be worth doing as far as one takes into account the inherent
thermodynamical content of gravity as signaled in Hawking–Bekenstein entropy of black holes and, in particular, the more
recent stringy-inspired perspectives on the gravitational interaction [3,4] which, to some extent, push forward a whole line
of research exploring gravity as a macroscopic effect [5–12].
In this sense it can be expected that the connection of string theory to the low-energy QFTs might involve some kind
of (thermal) noise interaction among the string states giving rise to condensates, once noise, in general, means a statistical
mixture. In other words, it is an open question the issue of what is the effective dynamics of strings at low energies.
Despite the fact that investigations about the relation betweenworld-sheet and space–time renormalization groupswere
carried out [13] in the early 1990s, it seems that not much attention has been given to it since the discovery of D-branes.
The point is indeed worth exploring provided the breaking of target-space Poincaré symmetry (and therefore breaking of
target-space conformal symmetry) must have a counterpart from a world-sheet perspective.
In this letter we push forward the investigation of how the energy scale integration in bosonic string theory which is
accomplished by the world-sheet moduli hides a noise integration among pure states.
The major result is that the noise we have found arises in coherent states which in a specific limit realize the boundary
states associated to D-branes. The noise-free state matches the D-brane state. The result is in agreement with the expected
picture of emergence of D-branes as condensed states of closed strings at low energies. The calculation goes along with the
picture of effective dynamics of strings at low energies where, among other things, conformal invariance no longer holds.
2. 1-loop interactions of bosonic strings
In perturbative bosonic strings scattering amplitudes are calculated taking into account the topological contributions
coming from the Euler characteristic
χ (Σ) = 1
4π

Σ
d2σ
√
gR = 2 (1− g) (2)
where g is the genus ofΣ . The Euler characteristic χ (Σ) provides a loop-counter for the quantum string making it possible
to weight a functional integral with an interacting dynamics. The resulting (covariantly gauge-fixed) Wick-rotated action is
then
S = 1
4πα′

Σ
d2σ

gˆ gˆαβ∂αXµ∂βXµ + 12π

Σ
d2σ

gˆbαβ∂αcβ + χ (Σ) , (3)
where the hat stands for the gauge-fixed world-sheet metric.
Handles in Σ are related to the way the topological compactification (of the world-sheet) is performed and induce
globally non-trivial 2-dimensional background metric configurations, the moduli, which realize zero-modes of the adjoint
ghost wave operator being therefore irreducible to the identity metric through gauge transformations (Diff+Weyl).
At 1-loop (χ (Σ) = 0) one deals with the topology of a torus whose compactification (modulo global Weyl transfor-
mations) is parameterized by a length τ2 and an overall ‘‘torsion’’ angle τ1. Modular transformations fix the fundamental
region of the Teichmüller (modulus) parameter τ = τ1 + iτ2 to be −1/2 < τ1 < 1/2 and |τ | > 1. Provided one fixes the
world-sheet volume to be 1, τ enters into the global 2d-metric as follows
g(τ ) = 1
τ2

1 τ1
τ1 |τ |2

. (4)
Since each value of τ defines an equivalence class under gauge transformations, a properly defined functional integral
must consider the whole set of equivalence classes while defining the quantum theory. On the other hand, as τ2 measures
the torus length, itworks as a correlation length and therefore has an energy scale associated to it. In otherwords, integration
over moduli-space is in fact an energy scale integration, i.e. RG integration.
Taking this into account we pursue the natural question of what kind of quantum state at each level of the energy scale
does contribute to the bosonic string partition function at 1-loop.
We use the Fourier decomposition of the bosonic string
Xµ

σ 1, σ 2
 = xµ − iα′pµσ 2 + iα′
2

n≠0

α
µ
n
n
e−n(iσ
1+σ 2) + α¯
µ
n
n
e−n(iσ
1−σ 2)

(5)
and consider the Polyakov action defined with g(τ )
SP(τ ) =
−1
4πα′

Σ
d2σ
√
g(τ )g
αβ
(τ)∂αX
µ∂βXµ. (6)
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Simple substitution of (4) and (5) into (6) followed by integration of the exponentials in the center of mass and
redefinition of the oscillators through
Aµn = e−πn
α
µ
n√
n
; A¯µn = e−πn
α¯µn√
n
(7)
AĎµn = eπn
α
Ďµ
n√
n
; A¯Ďµn = eπn
α¯Ďµn√
n
(8)
in addition to some algebra yields a free term plus a typical Bogoliubov (pairing interaction) term B (τ ) in the action
SP(τ ) ∼ Sfree + B (τ ) ; (9)
B (τ ) =

1+ |τ |2
2τ2
Gµν

n≥1
sinh (2πn)

AĎµn A¯
Ďν
n − Aµn A¯νn

. (10)
The outcome is the world-sheet topology induces the formation of a condensed state, a mixing of right and left movers.
Roughly speaking, around a topological handle in the closed bosonic string world-sheet, the free bosonic modes coming
from the infinite interact with themselves in a way that is described by the Bogoliubov term B (τ ) (pairing interaction)
which gives rise to a condensate.
The appearance of B (τ ) can be compared to the case of condensation of bosonic modes around a black hole: the free
modes coming out from the infinity condense around the event horizon due to the fact that theHamiltonian formatter,when
written in terms of the curved metric, gives rise to an (off-diagonal) Bogoliubov term for the modes (pairing interaction). It
is then possible to perform a canonical transformation (the Bogoliubov transformation, whose generator is a multiple of the
pairing interaction term) relating themodes in the asymptotically flat space with those near the BH, so that the Hamiltonian
is renormalized to become diagonal and the vacuum is redefined to be a condensed state. Roughly speaking
⟨0|eHfree+HBog |0⟩ = ⟨0| e−θHBogeθHBog eHfree+HBog e−θHBogeθHBog |0⟩ (11)
= ⟨θ |eH ′(θ)free |θ⟩. (12)
One can say therefore that the emergence of the condensate is an effect of the non-trivial metric on the Hamiltonian
through the pairing interaction term, that is to say, it is a dynamical effect which can be detected by means of
Hamiltonian/action analysis in the same way it also happens in BCS theory of superconctivity for instance.
3. D-branes condensation
The condensed state |B (θ)⟩ is defined by the vacuum under the action of the Bogoliubov transformation
|B (θ)⟩ = eB(τ )|0⟩|0¯⟩ = N

n≥1
eαθn

AĎn ·A¯Ďn

|0⟩|0¯⟩ (13)
where
θn = sinh (2πn) (14)
α =

1+ |τ |2
2τ2
(15)
and N is a normalization constant.
In string theory D-branes are long recognized as a special kind of condensed states [14], also called boundary states due
to the fact it comes from world-sheet boundary conditions (i.e. from a topological property of the world-sheet).
For the sake of clarity, we briefly refresh the emergence of D-branes from the boundary conditions. Let S be the Polyakov
action
S = − 1
4πα′

Σ
d2σ

∂αXa∂βXbηαβηab

. (16)
Extremization δS = 0 implies theworld-sheet bulk dynamics for stringmodesXa = 0 plus boundary conditions, which
can be handled using Stokes theorem in 2 dimensions
Σ
d2σ∂α

δXa∂αXa
 = 
∂Σ
−εγαδXa∂αXadσ γ = 0 (17)
and integrating upon fixed time variations
∂Σσ=0
ε01δXa∂1Xadσ 0 +

∂Σσ=π
ε01δXa∂1Xa
−dσ 0 = 0 (18)
R. Nardi / Physica A 392 (2013) 1188–1193 1191
or 
∂Σσ=π
δXa∂σXadσ 0 =

∂Σσ=0
δXa∂σXadσ 0 (19)
which, in the case of open strings, can be satisfied in both boundaries either by Neumann or Dirichlet boundary conditions
∂σXa|σ=0,π = 0-Neumann; (20)
δXa|σ=0,π = 0-Dirichlet. (21)
In terms of the Fourier components of Xa, the above boundary conditions mean
αµn + α¯µn = 0-Neumann (22)
αµn − α¯µn = 0-Dirichlet (23)
whose quantum version must be interpreted as a condition over states in the Hilbert space, namely
αµn ± α¯µn
 |B⟩ = 0. (24)
Finally, Eq. (24) can be formally solved for the (pure) boundary state |B⟩
|B⟩ =

n≥1
eSµνα
µ
−nα¯ν−n |0⟩|0¯⟩ (25)
with Sµν giving the signature of which directions are parallel and which ones are perpendicular to the brane. Therefore,
D-branes can be seen as a pure (see Ref. [15]) condensed state.
A simple comparison of (25) with (13) shows that both belong to the same category. That is to say, |B (θ)⟩ is a coherent
state [16,15] which represents a space-filling D-brane with a non-trivial global phase factor α as well as a non-trivial
amplitude distribution for the levels n associated to the oscillators Aµn and A¯
µ
n
Aµn |B (θ)⟩ − αθnA¯µĎn |B (θ)⟩ = 0, (26)
A¯µn |B (θ)⟩ − αθnAµĎn |B (θ)⟩ = 0. (27)
An important investigation at this point is to understand the role played by the parameter αθn. As already pointed out
here and in the literature [16,15], tree-level D-branes can be seen as a particular kind of pure state. In this sense one could
say the phase factor αθn in (13) represents a kind of noise for D-branes, namely the one intrinsic to the 1-loop interaction.
In other words, αθn represents a renormalization with respect to the tree-level boundary state.
Also, as the phase factor αθn is a direct consequence of string interactions (once it comes from the presence of a non-
trivial global 1-loop modulus), it is worth asking how it depends on the energy scale. Due to the explicit presence of the
parameter τ2 in α it is easy to see that the entanglement diverges at low energies
lim
τ2 −→+∞
α (τ1, τ2) = +∞ (28)
and goes to a (perturbative) finite value at high energies
0 < lim|τ |−→1
α (τ1, τ2) < 1. (29)
Besides that, since α (τ2) has no real roots, there is no point in the energy scale free of noise.
Fixed points (∂α/∂τ2) = 0, on the other hand, are found along a hyperbole in the extended moduli space
(τ2)
2 − (τ1)2 = 1. (30)
Modular transformations are finally responsible for mapping these points back inside the fundamental region in such a
way that they show up in a regular pattern as one moves to low energies.
4. Entropy
Due to the fact in the open channel D-branes appear as a pure condensate of closed strings, these objects are often seen
as gravitational backgrounds. This aspect suggests that they may play a fundamental role in a final formulation of quantum
gravity, i.e., the properties we assign to the geometry of space–time are wished to be derived from D-brane calculations.
From this point of view it is interesting to examine the microstructure of the condensed state we found. We pursue this
by means of the n-level entropy Sn examination
Sn = − ∂
∂β

1
β
ln

Z (B)n (β)

(31)
= −

ωn
ln (αθn)
2
ln [1− αθn]− (ωn)
2
α ln (αθn)

(αθn)
2
1− αθn

(32)
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with
Z (B)n (β) =
1
1− exp (−βωn) ; (33)
αθn = exp (−βωn) . (34)
The analysis shows the appearance of boundary states as well as its mixture are phenomena of high-energy/low
temperature stringy physics as long as
lim|τ |−→1
Sn < +∞. (35)
It is worth noticing the temperature is only positive-defined for values of αθn < 1. Indeed, the n-level entropy is also
only well-defined for the same range of values for αθn, which happens at the high energy limit |τ | −→ 1 and low modes n.
Also, it is worth stressing Z (B)n (β) is aworld-sheet partition function: it counts states at a specific value of the Teichmüller
parameter and a specific level. As is well-known, the full string partition function is taken by means of an integration in τ
over the fundamental region. Nevertheless, our interest here is to explore the microstructure of world-sheet dynamics due
to string interactions and to look for mechanisms of closed strings condensation at each level of the RG scale aiming some
clue of how geometries might appear out of a world-sheet analysis.
5. Conclusions
Since its discovery, D-branes have become a very crucial piece of string theories. Their representation in terms of the
boundary state is particularly important for its discussion at the quantum level. Furthermore, the boundary state puts the
D-brane as a (pure) condensate of gravitons, which makes it a strong candidate for describing the formation of space–times
in string theories.
Also, in superstring theories D-branes acquire a special status. Due to its non-trivial mass and supersymmetry charges,
these objects arise as examples of BPS states and, as a result of their coupling to RR fields, their stability can be discussed in
terms of RR charges they carry [17].
In this paper we have discussed how a noised version of these objects appear in 1-loop calculations of bosonic string
theory due to the presence of the noise factor αθn which is a direct consequence of string interactions/world-sheet topology
by means of the Teichmüller parameter τ .
As the understanding of the intrinsic microstructure of D-branes might be an important step in the route to a consistent
formulation of quantum gravity, we believe, the simple mechanism we discussed in this letter can bring some fresh air to
this path. Further steps in this direction include its generalization to the supersymmetric case, consideration of higher loops
as well as tackling the question of how non-space-filling D-branes feel the presence of string interactions.
Also, we believe a whole unexplored line of research is hidden behind the assumption of decoupling of high energy
degrees of freedom present in the Wilsonian view on renormalization groups. It involves the assumption of lack of
information [2] which implies the existence of some sort of entropy which is inherent to the running of physics along the
energy scale. In addition, this line of reasoning is associated to the holographic conjecture [18] and might provide new
tools to understand the puzzles involving information content present in quantum gravity scenarios and the perspective on
gravity as a macroscopic effect [3,5–12,4].
Acknowledgments
The author would like to thank S.A. Dias, and S.J.B. Duarte, for fruitful discussions at CBPF as well as to I.V. Vancea for
discussions and hospitality at UFRRJ. This work was fostered by CNPq and CBPF.
References
[1] K.G. Wilson, J.B. Kogut, Phys. Rep. 12 (1974) 75.
[2] S.M. Apenko, Physica A 391 (2012) 62. arXiv:0910.2097 [cond-mat.stat-mech].
[3] E.P. Verlinde, J. High Energy Phys. 1104 (2011) 029. arXiv:1001.0785 [hep-th].
[4] M.B. Cantcheff, arXiv:1105.3658 [hep-th].
[5] J. Makela, A. Peltola, Internat. J. Modern Phys. D 18 (2009) 669. gr-qc/0612078.
[6] T. Padmanabhan, Internat. J. Modern Phys. D 13 (2004) 2293. gr-qc/0408051.
[7] T. Padmanabhan, Rep. Progr. Phys. 73 (2010) 046901. arXiv:0911.5004 [gr-qc].
[8] T. Padmanabhan, J. Phys. Conf. Ser. 306 (2011) 012001. arXiv:1012.4476 [gr-qc].
[9] A.D. Sakharov, Sov. Phys. Dokl. 12 (1968) 1040; Dokl. Akad. Nauk Ser. Fiz. 177 (1967) 70; Sov. Phys. Usp. 34 (1991) 394; Gen. Relativity Gravitation
32 (2000) 365.
[10] T. Jacobson, Phys. Rev. Lett. 75 (1995) 1260. gr-qc/9504004.
[11] G.E. Volovik, Internat. Ser. Monogr. Phys. 117 (2006) 1.
[12] N. Seiberg, hep-th/0601234.
[13] R. Brustein, K. Roland, Nuclear Phys. B 372 (1992) 201.
R. Nardi / Physica A 392 (2013) 1188–1193 1193
[14] P. Di Vecchia, A. Liccardo, NATO Adv. Study Inst. Ser. C. Math. Phys. Sci. 556 (2000) 1. hep-th/9912161.
[15] M.B. Cantcheff, Phys. Rev. D 80 (2009) 046001. arXiv:0906.3049 [hep-th].
[16] M.B. Cantcheff, Eur. Phys. J. C 55 (2008) 517. arXiv:0710.3186 [hep-th].
[17] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724. hep-th/9510017.
[18] T. Albash, C.V. Johnson, arXiv:1110.1074 [hep-th].
